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8 1. roRMULA OF THE STEADINESS FACTOR IN ENGINE SETS.

In o paper* "On the Flywheel Effects of Aviation Engines,®
N. Lecornu points out that tke ususl method of dstermining the stead-
iness factor camnot be applied to aviation engines coupled to a pro-
peller because, in this case, the resisting torqus i1s a function of
the angular speed of rotation, and not of the angle of rotation of
the crankehaft. '

For engine sets, the equation of motion, accurding to M. Lecornu
is:

d 2
IT¢sro=- =0, - 1l
w§ s = P , (1)
in which I ~ is the mcment of inertia of the flywheel effect and pro-
peller; '

&) - the angular speesd of rotation;
& - the angle of rotation of the crankshaft;

Cg - the torqus of the engine on the crankshaft (brake torgue)
_é'; 2 _ tke resisting torque of the propeller. ‘

12}
Integrating formula (1) we obtain:

828 90 .2lp
w2 zi e Y/ __z_'.a_e Ida_ (2)

*
See Transactions of the Academie des Sciences, 1909,
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But in four-stroke muvlti~cylindered engines, the breks torque
may be represenied with sufliclert approximation by the equation:

A C R
- + e sin N&
Ge - Cme 2 ()
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<

in which Cp  is the mean valus of the brake torqus;

4 C

é Cglmax) - Ce(min)

N the nunber of cylinders.

©. - angle of rotation of crankshafts.

Replacing G, in formula (2) by its value taken frcm formuia 3)
and integrating, M Lecornu obtains as formula of the Steadinesss
Fackor:

) w o Gy \/wz + 160 %2 (4)
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§ 2. - RFDUCED MASS OF PARTS IN MOTION OF AVIATYON ENGINES.

In the eguation of motion'/(‘g!. Lecornu has novallowsd for the
maes of the parts in motion of the engine itself, such as pistonse,
conne cting rods and crankshaft, whose mements of imertia cannot be
ignored. Nor has he tukten intc account the variation of the brake
torque as function of the variaticn of the angular speed of rotation,
nor of the resisting torqus of the engine itself., *

If the reduced mass of the engine parts in motion (that is, the
mags of ths parts reduced to a point distant fream the axis of the sn-
gins by the wnit of length) were constant, the equation of motion
would be:

(I+4) w S22 =0y -€w ® )

* In fact, the effective mcment depends on the Jiagram of ths pres—
sures indicated and on the forces of inertia of the pistons and coxz-
necting rods, which are a function of the variation of the angular
speed. To determine ths effective momsnt we generally calculats the
forces of ineriia by assuming that the speed of roftation is constant
and that tho resisting sngine terque is null; but this is cnly o
first approximetion.
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in which I is, as before, the mitment of inertia of the fly wheel af-
fect and propsller

At is the reduced mass of the other engine parts in motion

0; is the torgve indicated which does not depend on the
speed. of the engine

,(ic, _;‘?' is the resisting torque of the engine and propeller; in
point of fact, the resisting engine torgue may be ex-
presssd by ths formula a + b ) 2 in which a is very
small and mey be ignored. Moreover, if we take a iuntn
account (which we must do in studying low speed régimes)
the following formulas will not be modified, on condi-
tion that we admit C ., =C , ~a ¥

mi ml
WE Will EXAMINE IN DETAIL THE CONDITIONS REQUIRED FOR THS REDUCED
MASS OF THE PARTS IN MOTION OF LN AVIATION ENGINE TO KEMAIN CONSTART,

We know that the mass of engine parts in motion, reduced to the
axis of a crauk (£ 4), is expressed by the formula:

2
- v
ALy =Yy + KNx 076 My + 5 (M, +0.25 1) = (6)
in which

M is the reduced mass of the crankshaft
Mb - the mass of a connscting rod

MP - the mass of a piston

v = the spsed of the piston

w - the rim speesd of the axis of a cranizpin

\

In this expression the term vz/wz hag the valus:
_V_Z_ = (sin & + gsinz o )®

w

in which =n is the ratio of the radiue of the crankpin tc the length
of the comnecting rod, a ratio wkich, in what follows, we assume
equal to 1/5.

Develcping the term v'e'/w2 in a Fourler's seriess, we obtain:

v _ 1 r12+§ - L w B Cos3 39 - Qe__cosé Lee {7)
_§+-.... zGos@ zcosza + 3 & 5 &

we

* In the most usual case the eguation of motion is
(T+peyed 22 =Ci ~a-new-fw?

d e
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To express the reduced mass we have fuoercfore:
AL 1 =My +Nx0.75 My + (M + 0.25 M) (0.506 N + 4) (8)
in which
n 1 L 2 Gos 4 ' '
A=Z[§Cosg"2—0°ls 29-200339 - g vos 6’] =

+n/2{Cosi9+Cos(,9+oc)+Cos(6’+20€)+ ..... }
1/2 {60525 + Cos(28 +2°C ) + Cos(28 + 4K ) + }
n/2 {Cos 38 + Cos(8& + 39T ) + Cos(3& e )+ .Y

u°/8 {Cos 4 & + Cos(4& + 4R ) + Cos(4@ + 8K ) + e} @)

& is the angle made at the mcmont under comsidsration by the crank-
Pin of any cylinder taken as & reference cylinder, with the axis of
this cyliander; & +0OC is the same angle of the cylinder the stroke
of whicn precedes that of the referencs cylindsr, the condition of
equality of the intervals between the strokes requiringoC =4 7 /N.

Expressions (8) and (2) show that the reduced mass is equal to
g constant plus the sum of 4 series of cosines of N arcs increasing
in arithmetical progression in the ratioc of 4 77 /N, 8 7 /N, 16 77 /N,
and 3277 /N, each of thess seriss being multiplied by & certain num-
erical factor.

Now, we know that these series are null or equal to N Cos & ,
NCs2pm ..... according as the ratio

47 B 7 L
5 27, F— 2

is a fraction or a whole number.
We may therefore write:

n : ' 2 .
E{Cosg + Cos( g +o ) + .} = 0, when ﬁis a fraction, or =

o
=N C
3 o8 &

- %{COS 268 +Cos(28 +26C ) + } = 0, when is a fraction,

=i i

-%{COS 36 +Cos(39 +3c< ) + } = 0 when

2
- %‘{COS 44 + Cos(4g +40cC ) + } =0 whenl%is a fraction,
or = - %21\1'008 ¢ 8
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The maximum valuwes of sach of the series being in the ratio of
1/10 to 1/2 to /19 to 1/200, we may ignore the fourth seriss.

Wo thus arrive at the following conclusion:

THE REDUCED MASS OF THE PARTS IN wCTION OF AN AVIATION ENGINE
IS CONSTANT WHEM THz NUMBER OF CYLINDEBS, BZING OFF, IS GREATER THAN
3; AND ALSO THEN THE NUMBER COF CYLINDERS IS FVEN AND GEEATER THAW o.

It follows that if the number ¢f cylinders is 5, 7, or upuards,
the equation of motion (5)

(Trp)w 32 =0 -w® (10)

o

may bs stricily appiled.

THE STEADINESS FACTOR MAY THUS BE DETERMINED WITH SCRUPULOUS
EXACTITUDE either by making a graphical integration of the expression:

-2 <85 & 228
I c. I
w2 =% f e f s a8 (31)
o

or by the approximats expression:

Cmi Vv INZ + 16{22 ) (22)

A Ci 2&

rh=

in which C,; is the mean torgue indicated;

LGy = Ci(:na.x) - % (min);

I is the sma of the mement of insrtia of the steering whoel
and propellsr plus the reduced mass; the value of tae latter
is, as shown above, for mcst aviation engines egual to:

- 2 _ .2 ] .
Al =pl r® = r {Ma + 0.876 Ny + 0.505 iy
r being the radius of the crankpin:

é = mi/wz'

We may.remark that in formula (12) of the Steadiness Factor, the
values of Cpy and C3 ars obtained direct from the diazram of indicated
pressures, without takiag into account the foress of inertis as we
must 4o in determining U,  and A Ce.
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If ws compare expressiouns (4) and (12) we note that Cma/z =
Cmi/ € » for in both cases the values of Z are, by definition,
proportional to the mean torques, but that A 4 mar be different
fram A Gy, and that the values of £ differ with the mechanical
efficiency of the emgine, that is, frem 5 to 10%.

8 3. COMPARISON OF THE STEADINESS FACTOR OF ENGINE SETS AND OF ENGINES
HAVING A CORSTANT BRAKE TCRQUE AS A FUNCTION OF THE SPEED OF
ROTATION. '

The hypothesis usuvally admitted in determining the Steadiness
Factor is that of constant resistance. I will show that in both cases
there 1s a vary simple relation betwsen the Stsadiness Factors, and
that, generally spsaking, thers is no appreciable differencs between
them. *

In the case of an engins having & constunt brake toraus

C 37 the eguation of motion is:

m
gu  _ -

and as
. A G - N &
i ci = Cpg + .____Lz Sin 5

we obtair for the value of the Steadiness Factor:

r, = WL (13)
EAC:.L

On the other hamnd by substituting in expression (12), and instead of

¢ writing its value Cp;/c) 2 we obtain as the valus of the Steadi-

ness Factor when the resisting torque is variable

2 2 .
2. .
ry = \/ W + 2 % (14)
2.4 C5 A Cs

Fingdlly, if an engine has a raesisting torgue brake proportional
to the square of the speed of rotation, but the mcment of inertis I
of 2all the parts in motion is zero, which would constitute a LIMIT
for the case umder ccnsideration, we should have:

r_ =2 Cy/A 0 ' (15)

Comparing the expressions (13), (14), and (15) of the Steadiness
Factors : r,, 3 and r, we see that :

* This conclusion is not in agreement with that of M. Lecornu, who
says! "Formula (4) by means of which we calculate the steering wheel
of an aviation engins, has no resemblance whatever 4o the ordinary
formula."® :



Ty, = rc" +r 2 . (16)

that is, THE STEADINESS FACTOR OF AN ENGINE SET IS EQUAL TO THE SQUARE
ROOT OF THE SWM OF THE SQUARES OF THE STEADINESS FACTOR OF THE SAME
ENGINE HAVING A CONSTANT TORQUE AND OF THE STEADINESS FACTOR OF THE
SAME ENGINE SET FCR WHICHE THE MOMENT OF INERTIA OF ALL THE PARTS IN
MOTION IS ZERO.

Ths Steudiness Factor is thus INCREASED by the fact of the vari-
ation of the resistivg torgue, which was, moreover, evident & priori,
since the propeller actg in the first place as a STEERING WHEEL on
accowmt of its mass, and in the second placs it functions as &8 REGU-
LATOR by causing variation in the resisting torque. Further on we
shall see, however, that the increase in the Steadiness Fzctor is us~
wully negligible.

§ 4. - QUANTITATIVE DETERMINATION OF THE DIFFERENT STRADINESS FACTORS.
From expressions {13) and (15)

1..! =45 {(17)
T, NI

Now, if ws neglect the resisiing torgque of the emgine

f c;ne = Pm

it
&
¥
£

X

in which P is the motive power of the emgine.
We know that for a propeller having a diwumeter D
®_ = £(v/aD) &) 30°

We have thersfore:
£ = £(V/aD)1P = 0.04 m xD° =0.00 g x1° (18)
B35 V4 _

in which n is the r.p.sec. and.é? is the usual characteristic coeffic-
ient of the propsller.

On the otkher hand, if the engine has no steering wheel, as is the
case with mest aviation engines, and we consider a family of propel-
lers differing only in pitch, we have approximately:

5

I=KXD (19)
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Substituting for £ and I in expression (17) their velues (18) aund
(19) wa have:

Ty _ 4 f£(V/mD) = 0.164 (20)
r, K I EN
. Kgm/sec.
Now, practically, /5 varies between 0.C05 and 0.01 r.p.sec. o ;

on the_other hand, K fur ithe usual two-blade propsller = 0.003 Kg-
mass/ud; therefore:

Ty 0.267 to 0.534 (21}
Te N

For N =4, r,fr, = 0.065 to 0.130

Equation (16) may be written as follows:

Tp =T, \/ 1+ (oy/re)® =vg \/ 1 +0.0042 t0 0.017 = 3,

Frcem this study we may therefore conclule that:

THE STEADINESS FACTOR OF THE ENGINE SETS USED IN PRACTICAL WORK MAY
BE DETRRMINED BY THE USUAL FORMULA WHICH ASSUMES A CONSTANT RESISTING
TORQUE.

g 5. - VARTATIONS OF THE STRADINESS FACTOR FOR A GIVEN ENGINE.

It is useful ¢to tEks inko account the variation of the Steadi-
ness Factor for a given engine as function of the argular speed and
of the power when the gas intake is varied.

We have demonstrated above that

We mey also admit that
AC =2+ 0, (22)
Therefore
g @’ (23)

r, =
h 2
a.u)+'mei

which shows that FOR A GIVEN ENGINE THE STEADINESS FACTOR DEPENDS ONLY
ON THE SPEFD OF ROTATION AND POWER.
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A8 an exsmple we have laid off (see Fig. 1), in the plame XY.
tha group of characteristics at different gas admissions of a radial
type, 5 cylinder engins, of 60 indicated horsepcwer at 1200 r.p.m.
The r.p.m. are laid off on the axis of X, the indicated powers oum ths
axis of Y, and the values of ry on the axis of Z.

The figure shows that the Steadiness Factor is diminished when
the number of revolutions 1s reduced and the power increases.

The variation of the Steadinsss Factor ¢f sn engins set composed
of the engine in guestion and a propsller would be determined by plot-
ting the prcpeller curves Pm :E(n) in the plune XY fur differsnt
values of V/nD. If the mechanicel efficiency L of the sngine is
admitted to be constant, these curves would be of the form:

IO
Byy = zﬁ_,.g_l?_. _ | (24)

The valus of /5 varies little for a propeller fitted on.a given
airplane; it increases slightly when the speed of the airplans de-
creases, as in a ciimb, for instande.

Fig. 1 and formula (23) show that the Steadiness Factor of an en~
gine sst mcunted on an alrplane decrsases siightly when the inecilence is
increased without any change being made in the gas intake, and in-
creasss when intake increases, incidsnce remaining conszisnt.

8 6. - MINIMUM SPEED OF ROTATION.

The minimum speed of rotation is of practical importance sincs it
determines the minimum thrust of the propeller, both in airplanes and
ships.

The minimum Steadinsss Factor is equal to 1/2, since:

0.5
) max
r « - = = 1/2
a) max &/ min &/ mex

For engine sets used on airplanes, we can ignore the term T,
and determine the Steadiness Factor by formula (23), substituting for
Ppy its valus in function of ¢/ drawn from formula (24).

The term r, can only be of practical importance if we wish to de-
termine the characteristics of an sngine fitted with a Rensrd Tan-
brake, the determination to be made as fully as possible and at the
various rates of gas intake. Under thess condiitions, and especially
for low rates of rotation and at full intaxe, B becomss very large
and ry can no longer be ignored (see Formula 2C).
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Fig. 2 givas the values of Ty, ¥ snd ¥, as function of e  end
of C .* for a three cyliuder emgins giving 30 HF at 12C0 r.p.m. (see
Fig. 3, p.12.)

%o bave ignorsd the variation of the reduced mass, for the term
. N (025 My * Mp) = 0.7% of tke total reduced mass.

We have taken into mccount the constant term of the resisting
engins toerque (see ».3). The formulas employed for the Sieadiness
Factors are:

2

2
r = ) (25}
c 2 a + mei
2 C
s, = mi (26)
a + bcmi
Tz =

Ty = \/ ro +rg

On the surface ry = fin, O ) we neve indicated the cuwrve AB cor-
responding to the coefficient T, = 1/2.%*

Fig. 2 shows that it would be esasier to obtain low speeds of ro-
tation with a fan brake absorbing much power, and thet in such a cass
the term r_ is of real importencs in INCREASING 1HE STEADINESS FACTOR.

*
In this case it is more convenient to uss ¢ - than P P

* The minimun spsed of rotation would be zero on condition of employ-
ing a Renard fan~brake with infinitely lavrgs brake surfaces. This is
evidently a practical impossibility; and besides, we ave not well
acquainiad with the variation of the eugine torgue in very low speeds
of rotation.
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